a prime not dividing |G|. If p > C, then k(GV ) ≥ 2 p − 1. This is Theorem 2.6 below. Note that the situation studied here is that of the well-known k(GV )-problem (see e. g. [9] ) whose goal it is to find an upper bound for k(GV ) under the hypothesis of Theorem B (namely, k(GV ) ≤ |V |). So here we approach k(GV ) from the other side, seeking a general lower bound.
Perhaps unexpectedly (and unlike the proofs of upper bounds for k(GV )), our proof of Theorem B is not inductive.
We also remark that while it was shown in [6] that k(G) = 2 √ p − 1 is possible for suitable G, it seems that the bound k(G) ≥ 2 √ p − 1 is fairly weak in general, and the proof of Theorem B gives some further evidence of this.
Notation: All logarithms are to base 2 throughout the paper. F * (G) denotes the generalized Fitting subgroup of the group G. If G acts on a set Ω, then n(G, Ω) denotes the number of orbits of G on Ω. S n denotes the symmetric group on n letters, and A n is the alternating group. A ≤ ∼ B means that the group A is isomorphic to a subgroup of the group B. If V is a G-module and H ≤ G, then V H denotes V considered as an H-module. By V (d, q) (q a prime power) we denote GF (q) d , the d-dimensional vector space over GF (q). If G ≤ ∼ S n and H is a group, then by H ≀ G we denote the corresponding wreath product of H and G. All other notation is standard.
Results and proofs
Before we start we recall the well-known result that if G is a group and H ≤ G, then
We will use this fact freely throughout the paper. We first use a result of Malle [12] in the following version.
2.1 Theorem. Let p be a prime and q be a power of p. Let G be a finite group with quasisimple generalized Fitting subgroup F * (G), and let V ∼ = V (d, q) be an absolutely irreducible, faithful GF (q)G-module with (q, |G|) = 1. Then one of the following holds:
(ii) n(G, I P(V )) ≥ p, where I P(V ) denotes the projective space of V .
Proof. Let K ⊆ GF (q) be the smallest field over which the representation of G on V can be realized, i. e. choose K minimal such that there is a KG-module W with 
Proof. Clearly it suffices to show that n(N, V ) ≥ p. Now let V 0 ≤ V be an irreducible N-submodule of V . As V N is homogeneous, V 0 is also faithful as N-module. Then it suffices to show that n(N, V 0 ) ≥ p. Now by [14, Lemma 10] and [1, Theorem 26.6] it is clear that if we put K = End GF (p)G (V 0 ), then K = GF (q) for some power q of p, and if W is an irreducible N-submodule of the N-module V 0 ⊕ GF (p) K, then W is an absolutely irreducible KN-module (which can not be realized over a proper subfield of K), and the permutation actions of G on V 0 and W are equivalent. Hence n(N, V 0 ) = n(N, W ). Now as W is absolutely irreducible, clearly W is irreducible as G 1 -module (as Z acts on W by scalar multiplication) and p does not divide |G|, by Jordan's Theorem (see [3, Theorem 15.7] ) we see that we can choose C 0 large enough so that |G 1 | > C 0 implies dim W > 12. thus by Theorem 2.1 we see that n(G 1 , I P(W )) ≥ p, and since Z acts trivially on I P(W ), it follows that n(N, I P(W )) ≥ p. Hence n(N, W ) ≥ p, and so we are done. Q Next we need to recall the following result by Gambini-Weigel and Weigel [4] . We state it as in [5, Theorem 2.1], but take the opportunity to add a recent correction to it.
2.3 Theorem. Let G be a finite group and W be a faithful primitive finite G-module with (|G|, |W |) = 1. Then |G| ≤ |W | log |W |, except in the following cases:
, G has exactly two orbits on W , and G is the group G 0 3 4 ,1 , in [8, Hauptsatz] .
The case (ii) was omitted in [4] , but when informed about this omission, T. S. Weigel confirmed that this would be the only other exception [15] .
We only need the following consequence:
2.4 Corollary. Let G be a finite group and W be a faithful primitive finite G-module with (|G|, |W |) = 1. Then |G| ≤ 6|W | log |W |
Next we need to study permutation groups with few conjugacy classes.
Lemma.
There is a universal constant A such that the following holds: Let G be a transitive permutation group on the set Ω. Let p be a prime and suppose that k(G) ≤ 2 √ p − 1, and put |Ω| = n. If p > A, then
Proof. For m ∈ IN, let p(m) be the number of partitions of m. It is well-known that k(S m ) = p(m) and that
in particular, there exists a constant
Let G be a counterexample to the lemma with n minimal.
which is minimal subject to |B| > 1. (Thus G is primitive if and only if B = Ω.) It is then well-known that Ω can be partitioned into subsets B i , i = 1, . . . , k for some k ∈ IN, such that B = B 1 and G permutes the B i transitively. Let K be the kernel of that action, so G/K ≤ ∼ S k , and let G 0 be the setwise stabilizer in G of B and let N 0 ¢ G 0 be its pointwise stabilizer, and let
as is well-known, and G 0 is a primitive permutation group on B. Now if K = 1, then G ≤ ∼ S k with k < n, and hence by our choice of G we get
and we are done. So from now on we may assume that K > 1. Hence clearly k(G/K) ≤ k(G) ≤ 2 √ p − 1, and so by our minimal choice of K we have 
Next observe that as |B| > 1, we have k ≤ n 2
, and so if A is sufficiently large, we further obtain |G| ≤ f (
Then it is clear that G has a normal subgroup N such that N is the direct product of t copies of A l , where t is a suitable integer with 1 ≤ t ≤ k, and |K/N| ≤ 2 k . Thus with (3) we get (4)
Next observe that by (3) and (1) we have
Thus if
A is large enough, we see that this implies that there is a constant C 2 > 1 such that
Using this and the fact that l = n k
, with (4) we find that x (x > 0) is bounded above by 2, we conclude that
but this is certainly true if A is chosen sufficiently large. So the lemma is proved. Q Now we can prove our main result.
Theorem.
There is a universal constant C such that the following holds. Let G be a finite group, p be a prime not dividing |G|, and let V be a finite faithful, irreducible GF (p)G-module. If p > C, then
Proof. Working towards a contradiction, assume that
Then clearly
+ |G|, and this easily implies the assertion.
So now suppose m ≥ 2. It is well-known that one can find a subspace
) acts primitively and faithfully on V 1 , and V is induced from the H-module V 1 , and G transitively permutes the elements in Ω = {V g 1 | g ∈ G}, and V = V 1 ⊕ . . . ⊕ V n for some n ∈ IN and suitable V i ∈ Ω (i = 2, . . . , n), and Ω = {V 1 , . . . , V n }. (Note that possibly V 1 = V , and in this case n = 1 and G ∼ = H 1 acts primitively on V .) Let K be the kernel of the permutation action of G on Ω. Then G/K ≤ ∼ S n , and clearly k(G/K) ≤ 2 √ p − 1. Then by Lemma 2.5 we know that, if C is large enough,
and thus K ≤ ∼ H n 1 the direct product of n copies of H 1 . Now by (6), (7) and (8) we have
To see this, first observe that if n = 1, then H 1 ∼ = G and (10) follows from (6) immediately, as m = dim V ≥ 2. If n = 2, then we have (by (6) and (8))
2 , as claimed.
If n ≥ 3, then by (9) we have
, which implies (10) if C chosen sufficiently large. This proves (10). Now we apply [9, Theorem 3.5(a)] to the action of H 1 on V 1 and thus conclude that there are universal constants D 1 , D 2 such that with Z = Z(F * (H 1 )) we have the following:
N is normal in H 1 , and N = G 1 • Z is a central product of a quasisimple group G 1 and Z. Moreover, as Z acts fixed point freely on |V 1 |, we have
Also note that by Corollary 2.4 we know that
Furthermore, by (7) we have
Now from (6) and (7) we have
and combining this with (14) yields
and this with (15) and (16) shows that
Then by (11) and (13) we have
Combining (18) and (19) yields
If n = 1, then H 1 = G, and so if C is large enough, then (19) yields k(GV ) ≥ 2 √ p − 1, a contradiction, so that we are done in this case. If n ≥ 3, then by (20) we have
for a suitable constant E, the first and second inequality being true if C (and thus |V 1 |) is sufficiently large. So we have a contradiction as well. It remains to consider the case n = 2. If |V 1 | ≥ p 2 , then by (20) we have, if C is sufficiently large,
and we are done. It remains to consider the case n = 2 and |V 1 | = p, in which case H 1 is cyclic of order dividing p − 1. In this case it can be checked by hand that also k(GV ) ≥ 2 √ p − 1, which is the wanted contradiction. Of course, in this last case, n = 2 and |V 1 | = p, we also know k(GV ) ≥ 2 √ p − 1 from [6] , as GV is solvable here.
So now we may assume that F * (H 1 ) = F (H 1 ), thus we have (12) . First suppose that |G 1 | ≤ C 0 , where C 0 is as in Corollary 2.2. Then similarly as before by (13), (18) which for p > C is a contradiction, if C has been chosen sufficiently large. This final contradiction concludes the proof of the theorem. Q
We can now draw the conclusion that motivated this paper.
2.7 Corollary. Let C be the constant occuring in Theorem 2.6. Let G be a finite group. Suppose p is a prime dividing |G| and that p > C. Then
Proof. Let G be a counterexample of minimal order. Then by [12, Section 2] we know that G has a minimal normal subgroup N which is an elementary abelian p-group, and that (|G/N|, |N|) = 1. Hence N has a complement H ∼ = G/N in G, so that G = HN, where N is a faithful, irreducible H-module over GF (p). Thus by Theorem 2.6 we have k(G) = k(HN) ≥ 2 √ p − 1 contradicting G being a counterexample. Hence we are done.
Q
